On Russell’s Paradox with Nails and Strings
In 1901 B. Russell refuted the following assumption: for every α attribute there is a set whose members are those and only those elements for which α attribute is true. In order to refute this he employed the attribute ‘not member of itself’. To grasp the assumption and essence of the proof thoroughly here is a rather apparent example. I slightly changed the original proof but only to such an extent that the kernel of it remained untouched.
It is possible to demonstrate sets in different ways depending on aim of the explanation. Some theses of the set theory can be illustrated with plane figures. Here I neglect the simple plane figure illustration because it is impossible to demonstrate that a set be a member of another one or of itself. Rather, I try to look for an illustration which sheds more light on the nature of the problem.
Let’s assume a room where there are steel nails hit into the floor. Some of the nails are connected in the following way: two nails can be connected in one direction in one way at most; any string connecting two nails has its beginning and end marked.
Picture 1
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As can be seen, some of the nails are tied with a loop, others are not. Now the task is the following. We are given a silver and brass nail and we are expected to connect the former one with every nail in the room without a loop on it but with a string starting out from it, and the later one with every nail in the room with a loop on it but with a string starting out from it, and the later one with every nail in the room with a loop on it. The connection must always start from the brass or silver nail. We have finished our task only if we have found the only correct solution. Here is a picture of the room again, together with the two new nails, for solving the task.

Picture 2
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The silver nail need not to be connected with the nails g, d and e because they do not have a string starting out from them; it need not be connected with the nails a, c and f either, because they have a loop. It must, however, be connected with the nails b and h because they have strings starting out from them but no loop. The question is now: should the silver nail be connected with itself or not? Since it has a string starting out from it towards the nails b and h, and has no loop, it should be, but as soon as we do so, we are not allowed to do so any longer, because it’s got a loop on it. Thus the task is unsolvable for silver nail.
In the case of the brass nail we find two solutions. This is a problem again, because we are at loss as to which one to choose.

If we consider nails as sets or their members and strings as the relation ‘member of’, we can formulate the task with the following two interpreted formulas:

(1) x(silver↔((y(y(x) ( x(x))
x(brass↔((y(y(x) ( x(x))
(2) In view of picture 1 it is true that: b(silver.

The task is unsolvable for the silver nail because (1) leads to contradiction:

(3) (y(y(silver)




(2)

(4) (y(y(silver((silver(silver↔ silver(silver))
(1)

(5)  

       silver(silver↔ silver(silver (3)(4)
If there were no steal nails in the room the task could be solved for silver nail in the following way: ((y(y(silver). But even in this case the definition of the brass nail – and equivalent set – would be ambiguous, since a set is defined without ambiguity by its elements. And in this case neither the statement ‘brass(brass’ nor ‘brass(brass’ contradict premise (1).
There are three ways of eluding the paradox.

I. In the first case the silver and brass nails must be hit into the floor outside the room. In Russell’s view this should be done on the upstairs floor, in Zermelo’s view it is sufficient to go as far as the hall. In this case the solution of the task would be the same is if definition (1) held only for the steel nails. Taking the steel nails to be sets, it is clear from following that we must leave the room. Let ‘H’ be the set of the nails in the room.
(6) (x(x(silver↔(x(H(x(x))
(7) silver(silver↔(silver(H(silver(silver) 
(6)

(8) silver(H((silver(silver↔silver(silver)
(7)

(9) silver(H





(8)
Thus, neither the silver nor the brass nail will be tied with a loop.

II. In the second case we can make a restriction that the silver and brass nails are not tied with a loop. This solution, however, cannot be applied to sets; W.V.Quine pointed out that the axiom equivalent to this solution (10) leads to a contradiction.

(10) (F(y(x(y(y( (x(y((F(x) ↔x(y)))

III. The essence of the third solution is that the nails are not sets but signs; and, definitions always an action whish takes place in time. Introducing a definition means giving instructions, and, to apply a definition is to fulfil the instructions. The mysterious nature of the task is called forth by the fact that the nails to be linked to the new ones are not defined by a list. If there are too many nails, this is not being very practical, or it is even impossible. In such cases we can use definitions, rules. We formulate unambiguous conditions, and if they hold for a thing, then the rules must be applied, if they do not, the rules must not be applied. However, the rules are applicable only to those entities that are totally determined by the conditions at the beginning. Thus, the solution of the task can not be applied to the task itself, before finishing solving it. That is to say, if an attribute of a thing is dependent on the solution of the task, then this attribute cannot be a part of the conditions given at the beginning. Therefore, at the beginning, we have to take a photograph of the original state of the room, without silver and brass nails. In this way we can check the solution afterwards.
The nails being considered as the illustration of sets, the following axioms concerning time and symbol usage must be fulfilled:

(11) Time is an infinite sequence of discrete moments.
(12) For every γ attribute, in any t time there is a symbol and a t1 following point of time, that the symbol at t1 denotes those and only those things which are of γ attribute at t.
(13) Sets are symbols which denote or not denote things irrespective of time.
In this weakened, nominalist conception the assumption refused Russell is nevertheless true.
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